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Abstract

Quantum walks (QWs) constitute the quantum analogue of classical random walks and have
become fundamental tools in quantum computing and quantum simulation. They have become
a versatile framework for quantum information processing and for simulating physical phenom-
ena ranging from transport in condensed matter to relativistic dynamics. Their discrete time
formulation (DTQWs) exhibits ballistic spreading and rich phenomenology when external fields,
nonlinearities, or decoherence are included. We first review the formalism of DTQWs and their
continuum limits, which connect the discrete lattice dynamics with the relativistic Dirac equation.
We then analyze electric quantum walks (EQWs), where a homogeneous electric field induces
distinct transport regimes ranging from ballistic propagation and partial revivals to Anderson
localization, depending on the arithmetic properties of the field strength. Subsequently, we study
the Nonlinear Optical Galton Board (NLOGB), a nonlinear generalization of the DTQW that
supports soliton-like structures by incorporating Kerr-type nonlinearities. The connection with
nonlinear Dirac dynamics is highlighted, and conditions for soliton stability are discussed. The
central contribution of this work is the incorporation of decoherence through the depolarizing
noise channel. By means of numerical simulations, we explore the robustness of EQWs and non-
linear solitons against noise. Our results show that while EQWs gradually lose their distinctive
revival and localization features, solitons are particularly fragile, rapidly dispersing under even
weak noise. We also analyze long-time behavior through measures such as purity, coherence,
and kurtosis, revealing a transition from quantum to diffusive dynamics. These findings provide
insight into the interplay of discreteness, nonlinearity, and noise in quantum walks.
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Andreu Benavent Montell 1. Introduction

1 Introduction

1.1 What is a QW?

To first define what a quantum walk (QW) is, we should define its classical analogue. In math-
ematics, a random walk (also called the Drunkard’s walk) is a stochastic process that describes a
path consisting of a succession of random steps on some mathematical space. In classical mechan-
ics, we have all studied Brownian motion, which describes the random trajectories of particles
suspended in a fluid, where particles occupy well-defined states and the randomness arises from
spontaneous transitions between these. But Brownian motion is not the only example; random
walks have been extensively used in almost every field of science to model everyday processes
such as diffusion and mobility in materials [1], exchange rate forecasts [2], fractal theory [3], and
neural synaptic pathways [4]. In this way, random walks form the basis of many algorithms and
process theories. It was precisely this algorithmic power that inspired the development of the
quantum analogue of the random walk, the so-called quantum walk (QW), firstly introduced by
Aharanov et al. [5].

The QW is, in essence, the classical random walk imbued with quantum “magic”. To describe
it properly, one must invoke three foundational concepts of quantum mechanics: (1) quantum
superposition of states, (2) unitary evolution, and (3) collapse of the wave function due to
measurement. To visualize this, consider a random walk on a line, that is, a particle moving left
or right according to a random coin flip. In the quantum version, one can imagine the particle
as a wave packet evolving in superposition. The basic operation in this context is the translation
operator, which moves the particle left or right with equal amplitude. However, to truly quantize
the translation operation, we need to introduce an additional internal degree of freedom: the
spin, which indeed gives rise to superposition. Analogous to a spin-1/2 particle, this internal
state can be associated with a two-level system labeled, for instance, as left and right (or up
and down). Then, the state of the walker is described by a spinor wave function, and the jump
probabilities are conditioned to this internal d.o.f, which plays the role of a quantum coin. The
quantum walk proceeds as follows: at each time step, a unitary transformation (a quantum coin)
is applied to the spin state of the particle, creating a superposition of left and right. A conditional
shift operator then moves the particle to neighboring sites depending on its spin superposition.
For example, if a particle is at position 0 in the state 1√

2
|right⟩+ 1√

2
|left⟩, the evolution operator

shifts 50% of the amplitude to position +1 and 50% to position -1. Repeating this process of
spin transformation and conditional translation results in a ballistic spread of the probability
distribution.

One key distinction between a quantum walk and the propagation of a truly free quantum
particle is that the walk takes place on a discrete position space. As a result, its dynamics are
not governed by the Schrödinger equation, but instead by unitary maps defined on a lattice. In
this thesis, we focus on quantum walks defined in discrete time (DTQWs). However, quantum
walks can also be formulated in continuous time (CTQWs), which can be obtained as a limit of
DTQWs [6]. Unlike DTQWs, CTQWs are based directly on a Hamiltonian evolution and therefore
do not require an additional internal degree of freedom [7]. This makes CTQWs conceptually
simpler, and they have been widely implemented in contexts such as quantum transport or search
algorithms [8, 9].

Since its theorization [5] it was already pointed out that QWs dispersion is quadratically
faster than that of the classical walker. Which means that in the classical case, the probabil-

5



1.2 This thesis in a nutshell Andreu Benavent Montell

ity distribution after t steps approaches a Gaussian of variance σ2 ∼ t. In contrast, quantum
walks exhibit a ballistic spreading σ2 ∼ t2. This fact kicked off the search for quantum algo-
rithms that performed faster than the classical ones, such as the Groover’s algorithm [10]. Then,
the most straightforward platform for implementation would be quantum computers. For an
implementation proposal of DTQW in quantum circuits see [11], and [12] in complex networks.

However, given that large scale quantum processors are still under development, a variety of
alternative experimental platforms have been explored. These include solid state systems, nuclear
magnetic resonance setups, optical lattices, and trapped ion architectures [13, 14, 15]. The typical
behavior of quantum walks makes it also interesting for the investigation of physical phenomena
such as topological phases and protected edge states [16, 17]. And even exotic phenomena have
been simulated through QWs such as neutrino oscillations [18], gravitational and gauge fields
[19, 20] or extra dimensions in the context of quantum field theory [21].

It is clear that quantum walks play a landmark role in quantum information science, both as
algorithmic primitives and for simulating many different quantum scenarios. However, present
quantum computers are highly sensitive to classical noise, originating from interactions between
qubits and their environment. In this context, we have entered what Preskill coined the NISQ
era [22], which stands for Noisy Intermediate Scale Quantum. Here, Intermediate Scale refers to
processors ranging from 50 qubits to a few hundreds qubits1, which is beyond the reach of brute
force classical simulation. As Preskill says, “we shouldn’t expect NISQ to change the world by
itself; instead it should be regarded as a step toward more powerful quantum technologies we’ll
develop in the future”. From this perspective, analyzing the effects of noise on quantum walks
becomes a fundamental question in the coming years. For examples of recent work on noisy QW
implementations, see [23, 24].

1.2 This thesis in a nutshell

After this introduction, section 2 presents the mathematical formalism of discrete time quan-
tum walks (DTQWs) and their continuum limit. In section 3, the framework is extended to
electric quantum walks (EQWs), where the presence of a homogeneous electric field leads to rich
phenomenology and analogies with condensed matter phenomena. Section 4 introduces the Non-
linear Optical Galton Board (NLOGB), a nonlinear extension of the DTQW supporting soliton
formation. In section 5, we incorporate a noise model through the depolarizing noise channel and
study its effect on previously presented models, combining analytical arguments with numerical
simulations. The thesis concludes with a synthesis of the main results and our main conclusions.

1To this date, IBM posses the largest quantum computer with 1121 qubits.
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Andreu Benavent Montell 2. DTQW formalism

2 DTQW formalism

To formalize the idea of a quantum walk, consider a simple setup: imagine a particle, i.e., the
walker, moving on a one-dimensional discrete lattice. The external degree of freedom, position
in the lattice, is labeled by x = jϵx, where j ∈ Z is an index labeling the discrete position and
ϵx is a quantity representing the lattice spacing. The Hilbert space associated with position is
denoted by Hx, spanned by the position basis {|x⟩}j∈Z. Then, as mentioned in the introduction,
a quantum walk requires an internal degree of freedom: the spin (or coin). This is the quantum
analog to the classical bit “0” or “1”, which in order to be distinguishable they are imposed to be
orthogonal2. Thus, the internal d.o.f is described by the coin Hilbert space Hc, spanned by the
orthonormal basis {| ↑⟩, | ↓⟩}. The total Hilbert space of the system is then the tensor product
H = Hx⊗Hc, with basis {|x⟩⊗ | ↑⟩, |x⟩⊗ | ↓⟩}j∈Z, representing a particle at position x with spin
either up or down.

Now we ask ourselves: how do the walker move around this lattice? Since the time evolution
in quantum mechanics must be unitary, the state of the walker evolves as

|ψ(t+ ϵt)⟩ = U |ψ(t)⟩ , (1)

where U is the unitary evolution operator3, and ϵt = ϵx = ϵ is the time step4. Since this thesis
aims to model system-environment interaction, i.e., the initial pure quantum state could evolve
to a mixed one, the formalism followed is that of density matrix operators, ρ(t) = |ψ(t)⟩⟨ψ(t)|,
so that the unitary evolution becomes

ρ(t+ ϵ) = Uρ(t)U † . (2)

In close analogy to the classical random walk the unitary evolution U is composite by two unitary
operators: S, the shift operator, and C, the coin operator

U = SC . (3)

The coin operator C = Ix ⊗ R acts on the coin space Hc at each position |x⟩, where Ix is the
identity operator on the position space Hx. The operator R is a rotation of the walker’s spin,
which mixes the QW components. Written in the coin basis, it belongs to the group U(2) of
2× 2 unitary matrices, and can be decomposed into the product of a global phase, U(1), and a
special unitary matrix in SU(2) [25]. In particular, the SU(2) matrix can be parametrized using
the SO(3) Euler angles, so that the most general form of R is

Rgeneral ≡ eiα
(
eiξ cos θ e−iζ sin θ
−eiζ sin θ e−iξ cos θ

)
. (4)

However, this general form is unnecessarily redundant if the Euler angles are constant. The
global phase α does not affect measurement probabilities, and it can be set to zero. Similarly,
the angles ζ and ξ, which generate rotations about the Bloch sphere’s z-axis, can be fixed without

2Through this work we refer to the internal d.o.f as the spin of a particle, but it could be refereed as two
orthogonal states of other system, e.g. the polarization states of a photon or two different atomic energy levels.

3For simplicity, the notation omits the hat symbol, ,̂ for operators in capital letters.
4This identification simplifies the analysis in the continuum limit. It can also be interpreted as a relativistic

condition, implying that the speed unit is c = 1. This condition is also known as ballistic scaling.
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2. DTQW formalism Andreu Benavent Montell

loss of generality. A common choice is ζ = π and ξ = 0, which leads to a standard rotation about
the y-axis

R = e−iθσy =

(
cos θ − sin θ
sin θ cos θ

)
, (5)

where σy is the Pauli matrix acting on the spin states, and θ is the spin mixing angle. In this
context, the coin operator C acts locally at each position |x⟩, generating a superposition of | ↑⟩
and | ↓⟩ states depending on θ’s value.

The shift operator, or conditional displacement operator, has the operator representation

S ≡ e−iϵp̂σz , (6)

where p̂ is the lattice quasi-momentum operator and ϵ, again, the lattice spacing. The Pauli
matrix σz acts on the coin space, with eigenvalues +1 for | ↑⟩ and −1 for | ↓⟩. The combined
action of the operator is thus

S |x, ↑⟩ = |x+ ϵ, ↑⟩
S |x, ↓⟩ = |x− ϵ, ↓⟩

. (7)

A key feature of the shift operator is that it is entangling. This means it can not be written as
the tensorial product of an operator acting on the position space and another acting on the coin
space [25].

From now on, we set x = j and ϵ = 1 to simplify the notation; this convention will be reverted
later when analyzing the continuum limit. In terms of the basis of H, the shift operator can be
written as

S =
∑
x

|x+ 1⟩⟨x| ⊗ | ↑⟩⟨↑ | + |x− 1⟩⟨x| ⊗ | ↓⟩⟨↓ | , (8)

which also admits a matrix representation as a block diagonal matrix in the H space.

With these basic tools, we can already generate the simplest and earliest simulated quantum
walk in history [26]. To do so, we set the coin (4) to the so-called Hadamard coin:

RH =
1√
2

(
1 1
1 −1

)
. (9)

Then, by setting up a Python simulation (see “Simple Hadamard walk” in the code on [27]),
we can run the quantum walk shown in Fig. 1. In this figure, we can already distinguish one of
the key differences with its classical analogue: while in the random walk we would expect a final
Gaussian probability distribution, here a bimodal distribution is observed at the edges of the
walk. This comes from the fact that the walker does not follow a single path, like in the classical
walk. It, instead, evolves in a superposition of multiple paths that interfere in a constructive, or
destructive, way after each time step.

To wrap up this general formalism, we can express the walker’s state in the basis of H as

|ψ(t)⟩ =
∑
x

[ut,x|x, ↑⟩+ dt,x|x, ↓⟩] , (10)

where the subindex indicate time and space dependence of the up and down components. The
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Andreu Benavent Montell 2.1 Continuum limits in homogeneous DTQWs

Figure 1: Evolution of the probability density of a localized initial walker at x = 0, under a
Hadamard coin (9). The initial state is set to be |ψ(0)⟩ = |0⟩ ⊗ 1√

2
(| ↑⟩ + i| ↓⟩), resulting in a

symmetric bimodal spreading. The QW is performed in a lattice x ∈ {−100, 100} for 100 time
steps. Brighter regions correspond to higher probability, and the right side of the picture shows
the final, t = 100, probability distribution.

corresponding spinor representation is

⟨x|ψ(t)⟩ = Ψ(t, x) = ut,x| ↑⟩+ dt,x| ↓⟩ =
(
ut,x
dt,x

)
. (11)

Since this work focuses on open-system effects, we will mainly use the density matrix formalism
rather than pure states5. The density matrix for a pure state spinor takes the form

ρ(t) = |ψ(t)⟩⟨ψ(t)| =
∑
x

∑
y

[ut,x|x, ↑⟩+ dt,x|x, ↓⟩] [u∗t,y⟨y, ↑ |+ d∗t,y⟨y, ↓ |] , (12)

which projecting onto the position basis yields

⟨x|ρ(t)|y⟩ = ⟨x|ψ(t)⟩⟨ψ(t)|y⟩ =
(
ut,x
dt,x

)(
u∗t,y d∗t,y

)
=

(
ut,xu

∗
t,y ut,xd

∗
t,y

dt,xu
∗
t,y dt,xd

∗
t,y

)
=

(
ρ↑↑x,y ρ↑↓x,y
ρ↓↑x,y ρ↓↓x,y

)
.

(13)

2.1 Continuum limits in homogeneous DTQWs

A QW is referred as an homogeneous DTQW if the coin operator entries in (5) do not depend
in space, nor in time. If thats the case, it is well known 6 [25, 19] that the lattice model, Eq.(1),
has a continuum limit for ϵ → 0. Provided that, the richest situation is obtained when the

5In [27] this can be seen through the whole code.
6What is described here is an intrinsic property of homogeneous DTQWs.

9



2.1 Continuum limits in homogeneous DTQWs Andreu Benavent Montell

parameters scale with ϵ [19], i.e.,
θ −→ ϵθ̄ , (14)

and, if the regularity conditions [19] are satisfied. Then we can Taylor expand, in coin basis, the
unitary evolution operator using Eq. (5), so that

U = e−iϵθ̄σye−iϵp̂σz ≈ (1− iϵθ̄σy +O(ϵ2))(1− iϵp̂σz +O(ϵ2)) ≈ 1− iϵH̄(p) +O(ϵ2) , (15)

with H̄ the rescaled Hamiltonian. Introducing this into Eq. (1), it is evident that the unitary
evolution tends to the identity (zeroth order) when ϵ tends to 0 and the operator has a valid
continuum limit, at first order in ϵ,

|ψ(t+ ϵ)⟩ = |ψ(t)⟩+ ϵ∂t|ψ(t)⟩ =
[
I− iϵH̄(p)

]
|ψ(t)⟩ −→ i∂t|ψ(t)⟩ = H̄|ψ(t)⟩ , (16)

generated by the rescaled Hamiltonian

H̄ = θ̄σy + p̂σz . (17)

This is exactly the 1D Dirac Hamiltonian, in Weyl representation, for a relativistic fermion with
mass term m = θ̄. We can also arrive to the 1D Dirac equation by taking Eq. (16) and projecting
in the position basis, with Eq. (11),

i∂tΨ(t, x) = (θ̄σy − i∂xσz)Ψ(t, x) → (iγµ∂µ −m)Ψ(t, x) = 0 (18)

where µ = t, x, γt = σy and γx = −iσx.

Indeed [28], if we remake the reasoning from the more general coin, Eq. (4), the generating
Hamiltonian turns out to be

H̄general = σz(p̂+ ξ̄) +Mθ̄,ζ̄σy − ᾱI . (19)

Notice that if we input ζ̄ = π and ᾱ = ξ̄ = 0, then Hamiltonian (17) is recovered. This,(19),
is nothing else than the generalization of the 1D Dirac Hamiltonian, for a particle with mass
matrix Mθ̄,ζ̄ = −θ̄diag (eiζ̄ , e−iζ̄). Here the fermionic field is coupled to a gauge field with
covariant components A0 = ᾱ and A1 = −ξ̄. Then, the dynamics of the 1/2-particle, spinor
⟨x|ψt⟩ = ψ(x, t), are governed by the well known Dirac Equation.
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3 Electric QWs

3.1 Electric QWs formalism

During this thesis one of the models analyzed is that of the so called “Electric QW”, which
has been experimentally implemented [29] and theoretically studied [30]. At heart, adding a
homogeneous electric field to the standard DTQW is adding a global phase shift operator that
depends linearly on x [30]. This is understood as the operator:

E ≡ eix̂Φ ; E|x, s⟩ = eixΦ|x, s⟩ , (20)

with s an up or down spin value. Here the constant Φ refers to the electric field and plays
a crucial role in the long time propagation properties of the system. Then the full evolution
operator is

UΦ = ECS (21)

and the Hamiltonian, in spin basis, generating this evolution

H = HR +HS +HE = θ σy + p̂ σz +Φx̂Ic , (22)

where Ic is the identity matrix in the coin space Hc. In this case we will allow the coin operator
to have complex entries, in general, for R ∈ SU(2),

R =

(
a b
−b̄ ā

)
, (23)

satisfying |a|, |b| < 1 and |a|2 + |b|2 = 1. The reason behind this will be seen later when the
Revival Theorem is stated [30]. Notice this coin7, (23), is as general as (4), but without a U(1)
global phase. Indeed, this phase comes from the electric field operator (20), in the form of
α = x̂Φ. So, essentially, the electric QW is a DTQW with an inhomogeneity in the U(1) phase,
which now depends linearly on space.

3.2 Continuum limit in inhomogeneous DTQWs

Previously, in Eq. (19), we found the continuum limit when the parameters of the coin (4)
are space-time independent. However, making these space-time dependent still yields the Dirac
equation of motion8 [19], as long as every Euler angle scales equally (through ϵ) to the continuum
limit. The PDE obtained in the continuum limit is, following Eq. (18) approach,

(iγµDµ −m)ψ = 0 , (24)

where Dµ = ∂µ− iAµ is the covariant derivative with A0 = ᾱ(x, t) and A1 = ξ̄(x, t). Notice then,
that the mass can be space-time dependent, through the dependence on θ̄(x, t) shown in (19).

Then, it is evident for the electric QW, Eq. (22), following9 E = −∂xA0, why the corre-
7For a = b = 1/

√
2 we recover the usual Hadamard coin, Eq. (9), with a permutation of columns, i.e., a

redefinition of up and down components.
8Except for the very special case that the zeroth order of θ is an uneven multiple of π/2, this comes from

expanding the general case θ(x, t) = θ0(x, t) + ϵθ̄(x, t).
9Remember from electromagnetism that: E = −∇A0 − ∂tA.
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3.3 Phenomenology of the EQW Andreu Benavent Montell

spondence Φ ↔ E is made10. Indeed, the general treatment of these angles is extensive and
complex and give rise to very interesting phenomenology. It has been seen that through special
space-time dependence on the Euler angles the PDE describe the propagation of a Dirac fermion
coupled to an electric field, such as the QW studied here, and, possibly, to a general relativistic
gravitational field [19, 25, 30].

3.3 Phenomenology of the EQW

This system has already been well studied in the noiseless case by Cedzich et al. [30]. In this
paper, Cedzich and colleagues established three types of longtime behavior for the EQW. They
realized that small changes in the electric field, Φ or more exactly Φ/2π, changed the propagation
behavior in the long run. Three distinct regimes arise depending on the arithmetic nature of Φ:
the rational, almost rational, and very irrational cases.

(a) (b)

Figure 2: Evolution of the probability density for two EQWs, with electric field values of (a)
Φ = 2π × 1/5 and (b) Φ = 2π × 51/256. The coin entries, Eq. (23), are a = b = 1/

√
2. The

initial state is |ψ(0)⟩ = |0⟩ ⊗ 1√
2
(| ↑⟩+ i| ↓⟩). See “main electric QW” in the code on [27], to see

how this plots are created.

In the rational case, when Φ/2π = n/m with n and m integers are coprime (no common
factors), the walk exhibits quasi-periodic behavior characterized by sharp revivals of the initial
state at times t = m or 2m. This is a consequence of the Revival Theorem11[30], which states:∥∥U2m

Φ + I
∥∥
op

= 2|a|m m odd∥∥∥Um
Φ + (−1)m/2I

∥∥∥
op

= 2|a|m/2 m even
(25)

where || · ||op stands for operator norm, i.e., the maximum absolute eigenvalue, I is the identity
in the Hilbert space H, and a is one of the input parameters in (23). This theorem state is that
after 2m steps, for m odd, the unitary evolution is almost the identity up to a global minus sign.
Then, the walker’s initial state is reproduced after 2m steps with accuracy (trace norm distance)

10We will refer to Φ as the electric field for convinience.
11Proof of which is found in [30].
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of 4|a|m, which is exponentially small since |a| < 1. A similar explanation holds for even m,
although there is a small difference coming from the fact that the steps for a state in order to
return to the initial state must be even. One of the main outcomes from this theorem is that
it yields the dispersion relations for Um

Φ [30], which determine that the spectrum is continuous,
and transport is ultimately ballistic after the revivals end.

In the almost rational regime, when Φ/2π is irrational but admits very good rational
approximations, meaning that its fraction expansion grows rapidly to large ci coefficients (see
Appendix A), the dynamics are more intricate. The walk exhibits a hierarchy of partial revivals
at times given by the denominators mi of the convergents ni/mi to Φ/2π (see Appendix A), with
the revival accuracy improving as the next coefficient in the expansion grows. These intermittent
revivals are interspersed with extended excursions, during which the walker spreads over large
distances before returning to the initial state. This regime gives rise to an interplay between
localization and transport, and is characterized by a singular continuous spectrum.

Figure 3: Root mean square, σ(t) =
√∑

i x
2
iP (xi, t), for both EQWs shown in Fig. 2. Case (a)

RMS is followed by the purple curve, whilst case (b) is represented in green.

In Fig. 2 contour plots for two different rational cases are shown. In this, the Revival Theorem
stated in Eq. (25) is evidenced. In case (a), m = 5, which is odd, so the first revival occurs at
t = 10 (this is even more evident in Fig. 3). Since the error grows exponentially with m/2 and
a = 1/

√
2 < 1, the cumulative error is relatively large, and no second revival is observed. In

contrast, for case (b), m = 256, a more pronounced revival is observed at t = 256. Indeed, because
256 is significantly larger, the error associated with these revivals is much smaller, allowing for
additional revivals to be seen in Fig. 3 as zeros of σ(t). Furthermore, an interesting behavior can
be observed in these figures. The continued fraction expansion of 51/256 is (0, 5, 51), indicating
that 1/5 is a first-order approximation to 51/256 (since 1/5− 51/256 ≈ 7.8 · 10−4). As a result,
partial revivals can be seen around integer multiples of 256. This is visible in Fig. 3, reflected
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3.4 Semiclassical Bloch oscillations Andreu Benavent Montell

as small sharp peaks around revival times. In this sense, the walk exhibits a hierarchy of partial
revivals at times mi, as previously discussed.

Finally, if Φ/2π is very irrational, meaning it is a number with bounded fraction expansion
coefficients (see Appendix A), exemplified by the golden ratio12 φ = (

√
5 − 1)/2 which has

ci = 1 ∀i, no revivals truly occur, and the wave function becomes exponentially localized around
its initial position. This regime is a discrete time analog of Anderson localization: the return
probability remains finite, the root-mean-square displacement saturates at a constant value, and
the entire spectrum consists of exponentially localized eigenstates forming a pure point spectrum.

(a) (b)

Figure 4: In this plot the probability density evolution for an EQW, with coin (23) entries
a = b = 1/

√
2 and electric field value of Φ = 2π × (

√
5 − 1)/2 is shown in (a). In (b) the root

mean square of the evolution is represented. The initial state is |ψ(0)⟩ = |0⟩ ⊗ 1√
2
(| ↑⟩+ i| ↓⟩).

In Fig 4,(a) and (b), the latter case, of very irrational numbers, is illustrated for the golden
ratio. There are many peaks, and no tendency for decay or transport is visible. Indeed, the
RMS is upper bounded, meaning the return probability to the initial state, |⟨ψ(0)|ψ(t)⟩|2, never
decays to 0. This is the perfect exemplification of Anderson localization in a discrete lattice.

These three regimes illustrate how the arithmetic structure of Φ/2π, governs the qualitative
nature of quantum transport in electric DTQWs. From perfect revivals and ballistic motion
to hierarchical dynamics and Anderson localization, the field parameter acts as a tuner for
accessing rich and different phenomenology. However, it is important to emphasize that all of
these phenomena rely on the discreteness of the lattice. In the continuum limit, a charged particle
in a uniform electric field gets accelerated and no revivals, partial revivals, or localization can
occur. Instead, the spectrum becomes unbounded and one recovers the familiar classical motion
of uniformally accelerated charged particles.

3.4 Semiclassical Bloch oscillations

In solid state physics, Bloch oscillations refer to the oscillatory motion of a particle, e.g. an
electron, subject to a constant electric field while propagating in a lattice described by a tight-

12Indeed, its reciprocal. As used in [30].
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binding Hamiltonian (TBH). This phenomenon is manifested as an oscillation of the particle’s
probability distribution with a characteristic period given by TBloch(E) = 2π/E (for a detailed
review, see Refs. [31, 32]). Interestingly, a similar behavior has been observed in DTQWs
[33, 34, 35, 30], which corresponds precisely to the scenario described in the previous section,
where the period of oscillation is interpreted as the revival time. In both TBHs and DTQWs,
when the initial state is localized, the dynamics exhibit a splitting of the initial state into two
parts that rejoin after a period of time13. However, as we have already discussed, these revivals
are not exact in electric QWs, as stated in the Revival Theorem (25).

(a) (b)

(c) (d)

Figure 5: Evolution of the probability density for a walker with an extended initial condition
centered in x = 0, evolving under a Hadamard coin in the presence of an electric field. The initial
state is set to |ψ(0)⟩ =

∑
x

G(x)
N |x⟩ ⊗ 1√

2
(| ↑⟩ − | ↓⟩), with G(x) a gaussian envelope [Eq. (26)]

and N the spatial normalization factor. The values of the electric field used in the simulations
are: (a) Φ = 2π/60, (b) Φ = 2π/20, (c) Φ = 2π/16, and (d) Φ = 2π/15. The simulations are
performed with a β = 0.05 [see Eq. (26)], following the setup described in [35]. See “Bloch
oscillations” in the code on [27], to see how this simulations are performed.

13This is referred to as a breathing mode in the context of Bloch oscillations in TBHs.
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This description changes when the initial condition is not localized but instead extended. In
the case of TBHs, the semiclassical prediction is that a wave packet oscillates about its initial
position. But what happens in DTQWs? This question is addressed in [35], where it is shown
that for weak electric fields, 2π|Φ| ≪ π, and extended initial conditions, the dynamics of electric
DTQWs are well approximated by the semiclassical Bloch oscillations of a localized particle
evolving under a TBH [31, 32].

The extended initial envelope is chosen to be a Gaussian of the form

G(x) = e−βx2
, (26)

which is clearly not normalized. However, since we are performing a numerical analysis this is
not a problem if we care to normalize the state initially, since the evolution is unitary. In Fig.
5 these Bloch oscillations can be observed for different values of the electric field. We can see
true revivals at times determined by Eq. (25), distinguishing if m, Φ/2π = n/m, is odd or
even. Notice how the lowest value of the electric field, case (a), corresponds to a fewer number of
oscillations. The opposite is also true and can be seen in the other cases, where revivals are not
perfect leading to a decrease of the probability density for larger times and richer phenomenology.
In (b) this change is tinny, but it is pretty evident in (c). Interesting is the case of (d), where the
oscillations are more stable, however it can be seen in Fig. 6 that after more time the standard
deviation, σ, evolves linearly with t, turning the propagation ballistic. Interestingly, notice how
the slope in σ is so different even for near electric field values of 1

15 − 1
16 ≈ 4 · 10−3!

Figure 6: Minima of the standard deviation for the the electric field values presented in Fig. 5,
where 2π is erased for clarity in the legend. It could seem that cases such (a) stay oscillating
forever, however remember that Eq. 25 taught us that the error is cumulative. At some long t,
if Φ/2π is not a bounded irrational, the particle will scape.
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4 The Non Linear Galton Board (NLOGB)

4.1 The NLOGB through history

Another QW model treated in this thesis is the Non Linear Optical Galton Board. The
Galton board, or quincunx, serves as a physical realization of a classical random walk. It consists
of a matrix of regularly spaced pegs through which balls fall under gravity, scattering left or
right at each peg. The resulting distribution of balls collected at the bottom follows a binomial
distribution. This classical device was revisited by Bouwmeester et al. [36], where Bouwmeester
and colleagues introduced the Optical Galton Board (OGB), implemented as a grid of optical
Landau–Zener crossings. In their setup, they demonstrated both theoretically and experimentally
phenomena such as spectral diffusion and dynamical localization. However, their treatment of
light was entirely classical. It wasn’t until 2003 [37] that we saw a quantum optical proposal for
the Galton board, i.e., an implementation of the quantum walk. Later, in 2005, it was shown by
Roldan et al. [38] that the OGB could be reduced to a QW by appropriately tuning the device
parameters.

Years later, the work of Navarrete et al. [39] proposed a nonlinear generalization of the
Optical Galton Board, known as the Nonlinear Optical Galton Board (NLOGB). In this model,
nonlinearity is introduced into the evolution of the walker, leading to significant modifications
of the standard quantum walk dynamics, now typically referred as nonlinear quantum walk
(NLQW). In that work, Navarrete and colleagues ran different simulations identifying three
different dynamical ranges for soliton formation.

Solitons are stable, self-reinforcing wave packets that commonly arise as solutions of nonlin-
ear dispersive partial differential equations, where a balance between nonlinearity and dispersion
allows them to retain their shape over time. According to Drazin et al. [40], their basic prop-
erties include: (1) a permanent form, (2) localization within a finite region, and (3) the ability
to interact and emerge from collisions without changing shape. In this sense, Navarrete and
colleagues found that soliton formation in the NLOGB is highly sensitive to small variations in
the nonlinearity strength, allowing them to distinguish three dynamical regimes. In Fig. 7 it is
shown one of such cases, where two soliton structures are created and travel in different directions
until both collide and separate indefinitely.

Physically, the added nonlinearity arises from the fact that light propagates not through a
linear medium (such as vacuum), but through a nonlinear one, i.e., a Kerr medium, such as in an
optical fiber, where the different coin states (u and d) accumulate, independently, a phase after
each time step Eq. (29). This nonlinear generalization opens the door to studying rich dynamical
phenomena such as soliton formation, self-trapping, and interaction-induced localization, all of
which are particularly well-suited to implementation in optical platforms.

In this topic, significant further research has been conducted. Among the extensive bibliog-
raphy available, we highlight the experimental implementation of the NLOGB reported in [41],
which uses the propagation of light pulses in optical fibers. There have also been theoretical
studies [42, 43] in which the continuum limit of the NLOGB is identified with a nonlinear Dirac
equation. Other works have introduced variations of the NLOGB with three different coin states
[44], as well as the inclusion of perturbative potential barriers [45]. We also emphasize the con-
tribution of [46], who present a theoretical and numerical study on the formation, stability, and
control of soliton structures in a NLQW. In their model, the nonlinearity is incorporated through
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the mixing angle parameter, and one of the main outcomes of this work is the analysis of the
continuum limit, which admits solitons as exact stationary solutions.

Figure 7: Soliton structure formation, matching Fig. 5 of [39], for α = 0.49. The initial state
is |ψ(0)⟩ = |0⟩ ⊗ 1√

2
(| ↑⟩ + i| ↓⟩), the coin is a Hadamard, (9), and nonlinearity (29) is added

to simulate the Kerr medium. The QW is performed in a lattice x ∈ {−200, 200} for 800 time
steps.

4.2 NLOGB formalism

Essentially, the NLOGB is a DTQW in which the wavefunction acquires a nonlinear, state-
dependent phase depending on the local probability as ϕc = i2πα|ct,x|2, with c = u, d, the up and
down populations, and α denoting the nonlinearity strength. This nonlinearity can be introduced
into the DTQW in various ways. One approach is to replace the standard coin operator with a
nonlinear version:

Rt,x =

(
ei2πα|ut,x|2 cos θ −ei2πα|dt,x|2 sin θ
ei2πα|ut,x|2 sin θ ei2πα|dt,x|

2
cos θ

)
. (27)

Another method is to introduce the nonlinearity into the shift operator, yielding:

S =
∑
x

[
ei2πα|ut,x|2 |x+ 1⟩⟨x| ⊗ | ↑⟩⟨↑ |+ ei2πα|dt,x|

2 |x− 1⟩⟨x| ⊗ | ↓⟩⟨↓ |
]
. (28)

However, the approach followed in this work defines a separate nonlinear operator UNL.
Which in matrix (coin basis) notation reads:

UNL =

(
ei2πα|ut,x|2 0

0 ei2πα|dt,x|
2

)
, (29)

clearly diagonal in the basis {|x, ↑⟩, |x, ↓⟩}. This admits an operator representation by recalling
that the spin populations are given by |ut,x|2 = ρ11(x, t) = ⟨x, ↑ |ρ|x, ↑⟩ and |dt,x|2 = ρ22(x, t) =
⟨x, ↓ |ρ|x, ↓⟩, i.e., the diagonal components of Eq. (13), when x = y. We then define the

18



Andreu Benavent Montell 4.2 NLOGB formalism

projectors:

n↑(x) = |x, ↑⟩⟨x, ↑ | = |x⟩⟨x| ⊗

P↑︷ ︸︸ ︷
1

2
(Ic + σz) , n↓(x) = |x, ↓⟩⟨x, ↓ | = |x⟩⟨x| ⊗

P↓︷ ︸︸ ︷
1

2
(Ic − σz) , (30)

where σz is the Pauli matrix acting on the coin space and Ic is the identity matrix on the coin
space Hc. With this, the nonlinear part of the Hamiltonian driving the walker evolution can be
written as14:

HNL = −2πα
∑
x

[ρ11(x, t)n↑(x) + ρ22(x, t)n↓(x)] . (31)

Hence, the nonlinear evolution operator becomes

UNL = e−iHNL , (32)

which satisfies

UNL|x, ↑⟩ = ei2πα|ut,x|2 |x, ↑⟩ , UNL|x, ↓⟩ = ei2πα|dt,x|
2 |x, ↓⟩ . (33)

Overall, the full unitary evolution operator can be written as

U = SCUNL , (34)

where C is the coin operator (Ix ⊗R), S is the shift (or conditional displacement) operator, and
UNL is the nonlinear phase operator.

Moving to the spin basis, the corresponding Hamiltonian generating this unitary evolution is
given by

H = HR +HS +HNL = θ σy + p̂ σz − 2πα [ρ11(x, t)P↑ + ρ22(x, t)P↓] , (35)

where θ σy generates the coin rotation, p̂ σz generates the conditional shift15, and the last term
corresponds to the nonlinear, state-dependent contribution, as previously defined. As a matter
of fact, the Hamiltonian above can be interpreted as a discrete analogue of the 1 + 1D Dirac
Hamiltonian. In this analogy, the term θ σy plays the role of a mass term with m = θ, while
the kinetic term p̂ σz corresponds to the Dirac momentum. The nonlinear contribution acts as a
local, state-dependent potential which modifies the evolution according to the local spin value.

In Fig. 8, we represent the evolution of a walker governed by Eq. (34) (see “NLOGB” and
specially “NLOGB main code (transitional stage)” in the code on [27]). The initial state is an
extended condition borrowed from [46], given by

I(x) = sech(kx), (36)

which corresponds to the stationary solution of the continuum equation for an initial state with
a relative phase of −π/2 (which we know support amplification [46]). It is important to note
that the model considered in [46] is not equivalent to the one presented here. Therefore, the
value of the parameter k is treated as an external input in our case. Nevertheless, the form of

14Notice this is in H basis.
15Notice ϵ is already set to 1.
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I(x), which is characteristic of solitons [47], remains valid for the NLOGB.

Figure 8: In this figure we plot the evolution of the probability density for an initial extended
walker, |ψ(0)⟩ =

∑
x

I(x)
N |x⟩⊗ 1√

2
(| ↑⟩+ i| ↓⟩), under the coin (5) and nonlinear operator (29). N

is the spatial normalization factor, and I(x) is determined by Eq. (36). The parameters of the
simulation are θ = π/4, α = 0.25 and k = 0.4.

Figure 9: Time evolution of the probability density for an initially extended walker, as in Fig.
8. All parameters are kept fixed, except for the value of k, which now is k = 0.75.

Although subtle, Fig. 8 reveals a small probability leakage, approximately 2%, at early times
while the remaining ∼ 98% of the probability is carried by the soliton. However, as shown in
[46], for a given set of parameters θ and α, there exists a specific range of values for k that leads
to stable soliton propagation. If k is not properly tuned to match the parameters of the walk,
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the resulting state no longer behaves as a soliton. Instead, it exhibits so-called breathing modes,
as illustrated in Fig. 9. For comparison, at time t = 400, the soliton in Fig. 9 carries only about
75% of the total probability.

21



5. Noisy Quantum Walks Andreu Benavent Montell

5 Noisy Quantum Walks

5.1 Noise Model

The models presented in this work have already been very well studied in the noiseless case
[30, 39, 35]. We will go a step further and also incorporate bit-flip and phase-flip decoherence
channels, following the approach of [28]. Arnault and colleagues considered that, at each time
step t→ t+1, the walker undergoes the unitary evolution with probability 1− π, with π ∈ [0, 1]
a fixed, time-independent probability. This probability is decomposed as π = πx + πz, where:

• πx : Is the probability that the system undergoes a bit-flip channel, through unitary σx,
which flips the coin state: | ↑⟩ ↔ | ↓⟩.

• πz : Is the probability that the system undergoes a phase-flip channel, through unitary σz,
which transforms | ↓⟩ → −| ↓⟩.

These decoherence channels modify the unitary evolution, Eq. (2), following a Lindbaldian
form, into16:

ρ(x, y, t+ 1) = (1− πx − πz)Uρ(x, y, t)U
† + πx σxρ(x, y, t)σx + πz σzρ(x, y, t)σz . (37)

where ρ(x, y, t + 1) is the density matrix of the walker state17 at time t + 1. This form of
noise introduces non-unitary decoherence that affects only the internal degree of freedom (spin),
leaving the position unchanged. It is, in fact, the so called depolarizing channel [48, 49], without
taking into account the σy channel (which is a combination of σx and σz).

Additionally, if the coin used is Hadamard like18, i.e., following coin (9), then both noise chan-
nels, σx and σz, show a symmetry in the total probability distribution19 P (x, t) = Trc[ρ(x, y =
x, t)]. This comes from the fact that both noise channels are unitarily equivalent under the
Hadamard transformation, i.e., σx = RHσzRH and σz = RHσxRH , so it is equivalent applying
σz to ρ(x, t) and applying σx to RHρ(x, t)RH . Since the observable P (x, t) is basis indepen-
dent, then both channels are, in some way, indistinguishable in this special case. For a visual
check see the video “Quantum noise channel comparison”, on [27], where we represent the cases
π = πx = 0.01 and π = πz = 0.01. This fact has strong implications in the numerical imple-
mentation, so computational power can be saved. The implication of this is extensively used in
section 5.2.

5.2 Numerical implementation

In this section we implement the depolarizing channel, Eq. (37), to the models presented in
sections 3, EQWs, and 4, NLOGB, with the objective of performing a numerical analysis of how
this DTQWs respond to the depolarizing channel. The simulations (see the code on [27]) have
been performed in Google Colab, a free, cloud-based environment that allows users to write and

16From Eq. (37) notice πx,z could seem not to act as probabilities, but instead as coefficients of some other
unitary evolution. This is right, since we can understand the evolution of the density matrix as the mean of all
the possible paths that the walker could take.

17We make explicit the dependence on x and y, since the unitary also affects the position state.
18Notice coins (5) and (23) are essentially Hadamard, up to a permutation of rows and columns respectively.
19The density matrix is not diagonal on position space, (13), but when probability distribution is considered

we have to take the diagonal y = x. This is sometimes omitted in the notation for the sake of simplicity.
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execute Python codes. These Python codes form a large part of the work carried out in this
master thesis, so we encourage the lecturer to visit them. The plots already presented were also
obtained using these programs, while setting the noise coefficients to 0, i.e., πx = πz = 0.

We will skip the standard Hadamard case, Eq. (9) and Fig. 1, since the phenomenology
is trivial and already well studied in [28]. The main point of this fundamental case is that the
original QW disperses, that is, the probability distribution evolves to a gaussian shape which
widens over time. More exactly, as it is pointed out in [28], for the massless case the walker
follows the telegrapher equation, Eq. (68) in [28], which solution [50] tends to a gaussian for long
times.

This said, we want to numerically check whether the EQWs and NLOGB subject to this
depolarizing channel lose their noiseless phenomenology, or if there is any remanent of it.

5.2.1 Noisy EQWs

Firstly, we introduce the depolarizing channel, Eq. (37), in the evolution of the electric
quantum walks (EQWs). This is done by choosing the unitary transformation as in Eq. (21) (see
“Electric QW” in the code on [27] for how these simulations are implemented).

(a) (b)

Figure 10: Evolution of noisy EQWs for the cases: (a) Φ = 2π×51/256, corresponding to Fig. 2b,
and (b) Φ = 2π × (

√
5 − 1)/2, corresponding to Fig. 4. In both cases, the final probability

distributions are also shown. The noise parameters are set to πx = πz = 0.01, i.e., a total noise
strength of 2%.

In Fig. 10 we show two EQWs where the depolarizing channel has been included (see “Electric
QW” in the code on [27] for numerical details). The case of a rational electric field is presented
in Fig. 10(a), while the irrational case appears in Fig. 10(b). It is clear that the depolarizing
channel affects both situations in a similar way: by dispersing the probability distribution. Re-
markably, however, the EQW exhibits greater resistance to noise as the electric field becomes
more irrational. This is quantified in Fig. 11(a), where a comparison of the spreading deviation
for different noise levels20 is shown for the electric field introduced in section 3.3.

20The noise levels are characterized by π = πx + πz, expressed as a percentage.

23



5.2 Numerical implementation Andreu Benavent Montell

Indeed, the phenomenology explained in Sec. 3.3 helps us understand why the different EQWs
behave as in Fig. 11(a). According to the Revival Theorem, Eq. (25), the error per revival accu-
mulates over time. The depolarizing channel therefore introduces an additional error mechanism
that further complicates these revivals. For instance, consider the EQW with Φ = π(

√
5 − 1),

the golden ratio. As discussed in section 3.3, this case does not accumulate error in the same
way, since it does not exhibit true revivals. The depolarizing channel then only adds, depending
on the noise level, small errors that translate into diffusion (σ ∝

√
t), thereby breaking Ander-

son localization (σ = constant) at long times and leading to the suppression of the oscillations
induced by the electric field. In the video “Noisy Golden Ratio EQW comparison” on [27], one
can check how these oscillations get suppressed over time for different noise levels, transitioning
into a Gaussian shaped curve.

On the other hand, the noiseless rational cases Φ = 2π × 51/256 and Φ = 2π × 1/5 led to
ballistic spreading (σ ∝ t), as shown in Fig. 3. Once more, the depolarizing channel modifies
these EQWs into a diffusive regime, even converging at high noise strengths (around 10%).
Interestingly, the oscillations induced by the electric field remain observable at relatively low
noise levels, see Fig. 11(b), although this effect is restricted to early times (less accumulated
error). This can also be checked in the videos “Noisy 1 5 EQW comparison” and “Noisy 51 256
EQW comparison” on [27], where, as in the golden ratio case, the oscillations get suppressed,
leading to a Gaussian envelope21.

(a) (b)

Figure 11: On the left hand side, (a), comparison of the standard deviation, σ(t) =
∑

x x
2P (x, t),

for electric fields Φ = 1/5 (purple), Φ = 51/256 (green), and Φ = (
√
5− 1)/2 (red). Noise levels

π = πx + πz are indicated as follows: 1% (dotted line), 2% (dashed line), and 10% (solid line).
On the right hand side, (b), probability of return to the initial state, |⟨ψ(0)|ψ(t)⟩|2, where
|ψ(0)⟩ = |0⟩ ⊗ 1√

2
(| ↑⟩ + i| ↓⟩). The return probability is shown for Φ = 1/5 and Φ = 51/256

with the same style as in (a). Note that the factor 2π is omitted for convenience.

Once the phenomenology with localized initial states has been discussed, we can extend
the analysis to extended initial conditions, corresponding to the semiclassical Bloch oscillations
introduced in section 3.4. The qualitative behavior does not differ significantly: the oscillations

21The Gaussianization mentioned is visible in Fig. 20 on Appendix C.
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fade progressively over time, as illustrated in Fig. 12. On the right-hand side of Fig. 12, the final
probability density can be seen to gradually approach a Gaussian profile, whilst showing small
oscillations, due to the electric field. This effect can also be observed in the video “Noisy BO 1
60” on [27].

Figure 12: Noisy Bloch oscillations for Φ = 2π/60, following the setup of Fig. 5(a). The noise
level is set to 2%.

5.2.2 Noisy Solitons

Now, we continue with the application of the depolarizing channel, Eq. (37), in the evolution
of the solitons (NLQWs). In this occasion, the unitary transformation is chosen as in Eq. (34),
and noise levels, as used before, refer to π = πx + πz in percentage.

Figure 13: Noisy evolution of the case illustrated in Fig. 7, in the presence of a 1% noise level.
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As an illustrative check, we first consider localized initial conditions, i.e., Fig. 7. However,
since this is not the main focus of this section, we only examine what happens when the noise
channel is activated at a specific time. In this case, since we expected some diffusion, the
depolarizing channel is switched on at t = 700, when the two soliton wave packets are already
completely separated after the collision. This can be seen in Fig. 13, where the diffusion of both
solitons is visible on the right-hand side of the figure. A remarkable feature of this case is how
the diffusive solitons interfere, not only with each other but also with the internal wave packets,
creating a three-peaked distribution that gradually smoothens over time, as shown in the video
“Noisy Sauron Eye” on [27].

In line with this approach to noise application in the case of soliton formation with NLQWs,
we now turn to the richer case shown in Fig. 8, where extended initial conditions are used. In this
scenario, a richer phenomenology was observed in the simulations, leading to a deeper analysis
and the collection of more data.

In Fig. 14, three different evolutions of the soliton central regions22, corresponding to noise
values of 0.5%, 20%, and 50%, are presented. From this figure, one can interestingly extract an
unexpected result: lower noise levels led to faster dispersion.

Figure 14: Three different evolutions of the soliton in Fig. 8, simulated on a larger lattice with
x ∈ [−500, 500] and tfinal = 500. For clarity, only the central region x ∈ [−25, 25] is shown, with
respective noise levels of 0.5%, 20%, and 50%.

This behavior led us to collect more data for different noise levels and to perform several
statistical analyses. One of them consists in visualizing the temporal evolution of the standard
deviation, so that we can infer how the noise level relates to dispersion. This is shown in Fig. 15
(a), where the standard deviation of nine different noisy solitons is plotted. Interestingly, lower
noise levels correspond to faster dispersion of the walker, and vice versa.

This behavior, shown in Fig. 15, highlights the drastic change from the noiseless case to
the noisy case, suggesting that the soliton is destroyed almost instantly once the depolarizing
channel is applied. This interpretation is consistent with the soliton formation mechanism. As
mentioned in previous sections, the relative phase required for soliton formation is δ = −π/2
[46]. Now consider the case of individual trajectories. If σx is applied at some time t, then at
t+1 the components are interchanged and the relative phase changes sign to δ = π/2, preventing
soliton formation. Similarly, if the σz channel is applied at t, then at t+1 the state | ↓⟩ acquires
a π phase, again shifting the relative phase to δ = π/2 and destroying the soliton. Therefore,
the depolarizing channel is particularly destructive to soliton stability.

22Dispersion can cause undesired boundary effects, so the lattice must be enlarged.

26



Andreu Benavent Montell 5.2 Numerical implementation

(a) (b)

Figure 15: (a) Standard deviation evolution of the noisy soliton for nine different noise levels
ranging from 0.5% to 80%. (b) Instantaneous power of the standard deviation, α(t) = d log σ

d log t , for
the same datasets as in (a). The black dashed line indicates the diffusive regime, α = 0.5. The
color codes are identical in both subfigures, and explained in the corresponding legends.

We can also ask how these solitons will disperse in the long-time limit. To address this,
we make the ansatz σ ∝ tα, so that tracing23 d log σ

d log t yields the instantaneous power α, which is
time-dependent, α(t). This is exactly what is presented in Fig. 15 (b), providing insight into the
dispersion regime at time t. Here we clearly see that faster dispersion, i.e., larger α(t), occurs
for smaller noise levels, while the opposite holds for large noise levels. However, at long times
all cases tend toward the diffusive regime, which is reached more quickly for larger noise levels.
Particularly enlightening is the presence of a transient regime in the small-noise curves, where
little oscillations appear at early times before gradually smoothing out as the walker enters the
diffusive regime.

Figure 16: Final probability distribution over the lattice for the noisy solitons.
23log denotes the natural logarithm.
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To make the walker’s propagation more evident, a video comparison of the different probabil-
ity space-time evolutions was prepared (see videos “Noisy NLOGB Comparison Without Noise-
less” and “With Noiseless” on [27]). In this, the previously postulated behavior is confirmed.
Solitons under lower noise levels appear to disperse faster, while those subject to higher noise
levels transition more quickly to the dispersive regime, where they remain “stable” for longer
times. This behavior is indeed reflected in Fig. 15(b) and can also be observed in Fig. 16,
which shows the final evolution of the noisy solitons. Notice how higher noise levels correspond
to more peaked, less-tailed curves, whereas lower noise levels produce more deformed profiles,
with smaller peaks and larger tails.

In light of these results, one may also ask whether these dynamics have implications for the
“quantumness” of the walker’s evolution. By quantumness we refer to both the purity of the
state and the coherence it possesses.

On the one hand, the purity of a quantum state is defined as

Purity = tr(ρ2) , (38)

with 1/d ≤ tr(ρ2) ≤ 1, where d is the dimension of the Hilbert space (2002 in our case, 2spin ×
1001x), and 1 is the maximum value for a pure quantum state. In quantum mechanics, pure states
are those that can be represented as ρ = |ψ⟩⟨ψ|, whereas mixed states must be represented as
convex combinations of pure states, ρ =

∑
pi|ψi⟩⟨ψi|. Since purity is conserved under unitary

transformations, it provides a measure of how purely quantum our state remains.

On the other hand, the coherence of a state quantifies how strongly spin-up and spin-down
states are related at a given position x. Mathematically, it is encoded in the off-diagonal elements
of the density matrix (see Eq. 13), whose magnitude determines the visibility of interference pat-
terns. In our case, we analyze the global coherence, obtained by summing over lattice positions:

⟨↑ |Trx(ρ)| ↓⟩ =
∑
x

⟨x, ↑ |ρ| ↓, x⟩ =
∑
x

ρ↑↓,x (39)

This quantity measures how well correlated the spin-up and spin-down states are across the
lattice. It decreases for decoherent (classical) states and is bounded24 as 0 ≤ |⟨↑ |Trx(ρ)| ↓⟩| ≤
1/2.

In Fig. 17, we analyze precisely how the initially pure state evolves into a mixed (classical)
state. Since the relation between dispersion and noise changed our perception of soliton dynamics,
one might expect that solitons dispersing faster would also lose quantumness more rapidly, and
vice versa. However, as shown in Fig. 17, this is not the case in our analysis, which agrees
with what is generally expected ([51], Chapter 8). The higher the noise level, the stronger the
decoherence: the system evolves more quickly into a fully mixed classical state, where no quantum
properties are preserved.

As expected, we observe purity values ranging from 1 to nearly 0 within our time scale, and
coherence values ranging from 0.5 to 0. It is also important to note that these transformations
are irreversible in the sense that there is no process to recover either coherence or purity([51],
Chapter 8).

24This bound applies to single qubit systems, but since the reduced density matrix behaves accordingly, it is
also valid in our case.
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(a) (b)

Figure 17: (a) Purity, Tr(ρ2), as a function of time. (b) Global coherence, ⟨↑ |Trx(ρ)| ↓⟩, as a
function of time. The same color code as in previous plots is used.

Finally, since the long-time dispersion corresponds to that of a diffusive walk, we would expect
the final probability distribution to resemble a Gaussian distribution. This would, in principle,
allow us to estimate the time at which the soliton transitions into a Gaussian profile (Gaussian-
ization). However, because the noise is applied from the very beginning of the simulation, and
given that we have already observed a transient stage in which the soliton emerges (see Fig. 8),
analyzing this transition directly becomes problematic. An alternative approach is to apply the
noise at a later time, once the soliton is already formed. In practice, we do something similar: we
save the density matrix ρ of a stable soliton (Fig. 8) at the final time, and then restrict it to the
central region in order to avoid numerical fluctuations. This state can then be used to generate
new solitons, with noise applied from the beginning, thereby saving computational resources (for
more details see “NLOGB” and “Create solitons without transitory” in the code on [27]).

Once this is done, we need a way to characterize the soliton–Gaussian transition. To this end,
we evaluate the kurtosis for the different noisy solitons. The kurtosis is defined as k = µ4/σ

4,
where µ4 is the fourth moment of the distribution and σ the standard deviation. It quantifies
the degree of “tailedness” of the probability distribution. More commonly, one uses the excess
kurtosis k(t)− 3, which measures the kurtosis relative to the Gaussian profile (which has k = 3).
In our case, a distribution with excess kurtosis k − 3 = 1.2 corresponds to a sech2(kx) profile,
characteristic of a noiseless soliton. Thus, we would expect a decrease in excess kurtosis from 1.2
to 0 if a proper Gaussian profile is reached at long times.

In spite of that, as shown in Fig. 18, this only occurs in the presence of very strong noise.
Although this result may appear puzzling, it is fully consistent with Fig. 16. Since kurtosis
measures the relative longitude of the tails with respect to the peak, we see in Fig. 18 that
smaller noise indeed leads to longer tails in the distribution and smaller peaks. The fact that
the final distribution is not Gaussian is striking, because for a classical diffusive walker this is
precisely what one would expect. Nevertheless, our results show that this does not necessarily
occur in the noisy NLQW. See in Fig. 20, on Appendix C, how EQWs and BOs, both linear
QWs, are in fact Gaussianized.
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Figure 18: Evolution of the excess kurtosis for the noisy solitons, with the transient regime
removed from the initial times. The black dashed line corresponds to a sech2(kx) profile.

Our conclusion is that low noisy NLQWs can sustain structures that do not vanish in the long
time limit unless stronger noise is applied. This is confirmed in Appendix C: Fig. 19(a) shows
that increasing the simulation time does not lead to a Gaussian distribution, while stronger noise
does. Additionally, Fig. 19(b) presents a 3σ kurtosis analysis, which ensures that the overall
trend is not affected by numerical fluctuations in the tails (which in principle are more sensible).
So that tails and peak evolve following the same tendency.

One might also suspect that our initial soliton is not perfect, and indeed it is not. In Fig.
21(a) and (b), oscillations around the ideal values are observed both for kurtosis and for α(t) in
the central region. These oscillations appear to be caused by numerical fluctuations during the
simulation, which introduce small breathing modes in the noiseless soliton. Still, these effects
are about 106 times smaller (in probability P (x, t)) than the central peak, and the 3σ analysis
confirms that no significant impact should be expected from them.

5.3 The noisy NLOGB continuum limit

Since the numerical simulations revealed unexpected behavior in noisy solitons, we may ask
ourselves where this originates. To address this, we perform the continuum limit of the NLOGB
including the noise channels, with the aim of deriving the dynamical equations of the walker.

To perform the continuum limit of the NLOGB with noise, we first rescale the Hamiltonian
in Eq. (35). Recall that when moving from discrete to continuous variables, the parameters scale
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with ϵ as
θ −→ ϵθ̄

α −→ ϵᾱ
, and similarly for the probabilities

πx −→ ϵπ̄x

πz −→ ϵπ̄z
, (40)

so it is evident that the Hamiltonian rescales as

H −→ ϵH̄ . (41)

With these transformations, we can now take the limit ϵ → 0 of Eq. (37). This procedure
has already been well studied25, and as shown in [28] it yields

∂tρ(x, y, t) = −i
[
H̄, ρ(x, y, t)

]
+ Lπ̄(ρ) , (42)

where the Hamiltonian contribution is the rescaled version of Eq. (35), and the non-Hamiltonian
(Lindblad) part is given by

Lπ̄(ρ) = π̄x [σxρ(x, y, t)σx − ρ(x, y, t)] + π̄z [σzρ(x, y, t)σz − ρ(x, y, t)] . (43)

Then, our objective is to solve the partial differential equation given in Eq. (42). In order to
do this, we decompose the density matrix ρ(x, y, t) in the Pauli basis as

ρ =
1

2
rµσµ =

1

2

[
I r0 + r⃗ · σ⃗

]
, (44)

where Einstein summation convention is used, and the explicit space–time dependence has been
omitted for simplicity of the notation. Here, σ⃗ = (σx, σy, σz) is the vector of Pauli matrices, and
the components rµ(x, y, t) = Trc(ρ(x, y, t)σµ) represent observables acting on position space.

We then decompose the density matrix in the coin basis, where each rµ is a Bloch vector
component. The interpretation of each one is as follows: r0 corresponds to the local probability
density of the walker ρ11+ρ22, while the vector r⃗ = (r1, r2, r3) encodes the spin-related degrees of
freedom. In particular, r3 measures the spin imbalance between | ↑⟩ and | ↓⟩, ρ22−ρ11, whereas r1

and r2 capture spin coherence that determine interference effects and the entanglement between
spin and position. In particular, r1 is the real part of the coherence, ρ12 + ρ21, and r2 the
imaginary part, −i(ρ12 − ρ21).

With this decomposition, the evolution problem becomes more tractable26. By substituting
the expansion in Eq. (44) into Eq. (42) and performing the commutator algebra using standard
Pauli matrix identities, we obtain the following system of coupled nonlinear partial differential
equations

∂tr
0 = (∂x + ∂x′)r3xx′

∂tr
1 = −i(∂x − ∂x′)r2xx′ + 2θ̄r3xx′ + 2πᾱ⟨x|r3r2|x′⟩ − 2π̄zr

1
xx′

∂tr
2 = i(∂x − ∂x′)∂xr

1
xx′ − 2πᾱ⟨x|r3r1|x′⟩ − 2(π̄z + π̄x)r

2
xx′

∂tr
3 = (∂x + ∂x′)r0xx′ − 2θ̄r1xx′ − 2π̄xr

1
xx′

, (45)

expressed in the position basis after applying ⟨x| on the left and |x′⟩ on the right. Here we define
⟨x|rν |x′⟩ = rνxx′ .

25See Appendix B for a review.
26See Appendix B for the full algebraic process.
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The system of equations (45) is a coupled, nonlinear system of partial differential equations.
As one can imagine, it is very difficult to solve analytically, and also challenging to solve numer-
ically. Nevertheless, it constitutes an important result of our work and is therefore presented
here. Notice that it is the same system of equations that can be found in Eqs. (51) and (52) of
[28], where Arnault and colleagues take m = −θ and 2πi = γi, with the addition of the nonlinear
terms. There is, however, a subtle difference between our system and that of [28]: in our case,
the mass coupling term appears in r1 instead of r2. This small difference arises from the chosen
representation, which in our case is the Weyl representation.

As a final comment, one could attempt to solve system (45) following the approach in [28],
by evaluating the quantities

(∂x + ∂x′)rµxx′ |x=x′ = ∂xR
µ
x and (∂x − ∂x′)rµxx′ |x=−x′ = ∂xT

µ
x . (46)

Still, the nonlinear terms prevent the derivation of a telegraph-like equation (see Section 4.B in
[28]), since they couple r1 and r2 to r3 even in the massless case. And that, maybe, could lead
to the non Gaussanization of the probability distribution discussed in section 5.2.2.
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Conclusions

In this thesis we have investigated the dynamics of discrete-time quantum walks (DTQWs) in
the presence of external electric fields, nonlinearities, and noise, with emphasis on their behavior
through numerical simulations. This constitutes a fundamental study in the context of the
current NISQ devices era, where decoherence cannot be neglected.

We began by revisiting the DTQW formalism and its continuum limit, where we discussed
the roles of the coin and conditional displacement operators, and introduced the density matrix
formalism. With these simple but useful tools we reproduced the classical bimodal Hadamard
quantum walk. Then, we reviewed the continuum limit of homogeneous quantum walks, estab-
lishing its connection with the one-dimensional Dirac equation, both under restrictions on the
coin operator and in its general form.

Extending this framework, we analyzed electric quantum walks (EQWs), in which a homoge-
neous electric field is introduced as a position-dependent phase in the walker’s coin. This model
yields a wide variety of dynamical regimes. After presenting its basic building blocks, we showed
its correspondence with the Dirac equation coupled to an external electric field in the contin-
uum limit. We then explored the rich phenomenology of EQWs through numerical simulations.
Distinct behaviors were identified, ranging from ballistic spreading and exact revivals [Eq. (25)]
to partial revivals and Anderson localization, depending on the arithmetic properties of the field
parameter. We also considered extended initial conditions, which allowed us to connect EQWs
with semiclassical Bloch oscillations in solid-state physics, and finally discussed the corresponding
stability conditions.

We then turned to the Nonlinear Optical Galton Board (NLOGB), a nonlinear generalization
of the DTQW motivated by photonic implementations in Kerr media. After a brief histori-
cal overview, we examined its mathematical differences from linear quantum walks. We then
discussed its relation to nonlinear Dirac dynamics and showed, by numerical simulations, how
soliton-like wave packets emerge and persist in the noiseless case, both for extended and localized
initial conditions, when the walk parameters are properly tuned.

Having introduced these models, we moved to the main contribution of this thesis: the sys-
tematic incorporation of decoherence through the depolarizing channel in numerical simulations.
Our results revealed that noise profoundly alters the characteristic features of both EQWs and
NLOGBs. In EQWs, revivals and localization are progressively suppressed, leading to diffusive
behavior and eventual Gaussianization. In nonlinear walks, soliton stability is particularly fragile,
even weak noise destroys the delicate phase relation required for soliton formation, driving the
dynamics toward dispersion and loss of quantumness. We quantified these effects using measures
such as standard deviation, purity, coherence, and kurtosis, and found that noise and nonlinear-
ity interplay in a nontrivial way: soliton Gaussianization occurs only at sufficiently strong noise
levels.

The noisy soliton case presented especially interesting behavior that cannot be fully under-
stood without a continuum-limit treatment. To this end, we derived such a limit, obtaining a
challenging system of equations [Eq. (45)]. Although not fully solved, this constitutes a main
theoretical result of our work, opening the door to future analyses and offering connections to
previous studies of diffusion in quantum walks [28].

In summary, our results highlight the fragility of quantum-walk phenomenology under re-
alistic noisy conditions, a key limitation in the NISQ era. At the same time, the framework

33



Conclusions Andreu Benavent Montell

developed here provides a versatile platform to study the competition between unitary evolu-
tion, nonlinearity, and decoherence. Possible directions for future work include the exploration
of error-mitigation strategies, alternative noise models, and experimental implementations, with
the aim of deepening our understanding of quantum walks.
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Appendix A: Continued fraction expansion

A continued fraction expansion [52] is an expression of the form

x = c0 +
1

c1 +
1

c2 +
1

c3 +
1

c4 + · · ·

, (47)

where c0 = ⌊x⌋ and ci ∈ N27 for i ≥ 0, given x ∈ R+. We can then write compactly x =
[c0, c1, c2, c3, . . .].

Notice this fraction can be truncated at some i ≤ N so that the number x is well approximated
by

ni
mi

= [c0, c1, . . . , ci] (48)

where the integers ni and mi are defined recursively as

n0 = c0 , n1 = c1c0 + 1 ni = cini−1 + ni−2 (2 ≤ i ≤ N)

m0 = 1 , m1 = c0 mi = cimi−1 +mi−2 (2 ≤ i ≤ N)
. (49)

From this rational approximation to x, one can also prove that∣∣∣∣x− ni
mi

∣∣∣∣ ≤ 1

ci+1m2
i

. (50)

At first glance, this inequality shows that large ci terms correspond to good approximations.
For example, the number π = [3, 7, 15, . . .] has a rational approximation to second order, π ≈
22/7, with error < 1/(15 ·49) ≈ 10−3. In this sense, the most “irrational” numbers are the golden
ratio φ = (

√
5+1)/2 = [1, 1, 1, 1, . . .]28, followed by the silver ratio σ = 1+

√
2 = [2, 2, 2, 2, 2, . . .],

which can never be well approximated by rationals.

27c0 may be negative in some cases.
28Same for its reciprocal used throughout the thesis.
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Appendix B: Lindblad Eq. and PDEs for the NLOGB

In this Appendix, we derive Eq. (42) starting from Eq. (37). To do so, we use the rescaled
Hamiltonian introduced in Eq. (41), so that Eq. (37) can be rewritten as

ρ(x, t+ ϵ) = (1− ϵ(π̄x + π̄z)) e
−iϵH̄ρ(x, t)eiϵH̄ + ϵπ̄x σxρ(x, t)σx + ϵπ̄z σzρ(x, t)σz . (51)

We now expand the exponentials to first order in ϵ and discard terms of order O(ϵ2). This
yields

ρ(x, t+ ϵ) =ρ(x, t) + iϵ
[
ρ(x, t)H̄ − H̄ρ(x, t)

]
−

−ϵ(π̄x+π̄z)ρ(x, t) + ϵ [π̄x σxρ(x, t)σx + π̄z σzρ(x, t)σz] ,
(52)

which, upon recognizing the commutator
[
H̄, ρ(x, t)

]
and regrouping terms, leads to

lim
ϵ→0

(
ρ(x, t+ ϵ)− ρ(x, t)

ϵ

)
= ∂tρ(x, t) =

−i
[
H̄, ρ(x, t)

]
+ π̄x [σxρ(x, t)σx − ρ(x, t)] +π̄z [σzρ(x, t)σz − ρ(x, t)] ,

(53)

which is precisely Eq. (42). This equation is in the form of the so-called Lindblad master equation
[53]

∂tρ = −i[H, ρ] +
∑
k

γk

(
LkρL

†
k −

1

2

{
L†
kLk, ρ

})
, (54)

where k = 1, 2, with L1 = σx and L2 = σz the Lindblad (jump) operators. These act on the
Hilbert space of the system and, in general, may be non-Hermitian (though they are in our
case). The coefficients γk are non-negative real numbers that determine the “strength” of each
dissipative channel.

Another important step is the derivation of the system of Eqs. (45). To obtain it, we start
from Eq. (42) and introduce the Pauli decomposition given in Eq. (44). First, we rewrite the
Hamiltonian as

H̄ = θ̄σy − i∂xσz − πᾱ
[
r0I+ r3σz

]
, (55)

where we have expressed the nonlinear term using the definition of the projectors in Eq. (30),
together with

ρ11(x, t) = ⟨↑ |ρ(x, t)| ↑⟩ = 1

2

[
r0I+ r3σz

]
,

ρ22(x, t) = ⟨↓ |ρ(x, t)| ↓⟩ = 1

2

[
r0I− r3σz

]
.

(56)

Now, the commutator in Eq. (42) becomes more straightforward to evaluate. To expand the
equation, we use the Pauli matrix identities

[σi, σj ] = 2i ϵijkσk , and σiσjσi = −σj for i ̸= j . (57)
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Applying these identities and rearranging terms, we obtain

∂tρ(x, t) =

(
− i

2
[p̂, r3]

)
Ic

+

(
θ̄r3 − 1

2
{p̂, r2}+ πᾱr3r2 − π̄zr

1

)
σx

+

(
1

2
{p̂, r1}+ πᾱr3r1 − (π̄x + π̄z)r

2

)
σy

+

(
−i1

2
[p̂, r0]− π̄xr

3 − θ̄r1
)
σz ,

(58)

where [A,B] = AB − BA and {A,B} = AB + BA are respectively the commutator and anti-
commutator operations. To obtain the system of equations (45), we project onto the coin basis
by taking the partial trace Tr(σi ∂tρ) = ∂tr

i and then move to the position basis by multiply-
ing ⟨x| on the left and |x′⟩ on the right. Using the orthogonality relation Tr(σiσj) = 2δij and
p̂|x⟩ = −i∂x|x⟩, we arrive at the system of Eqs. (45).
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Appendix C: Additional material

In this Appendix, we present additional analyses for the noisy soliton case in order to further
justify our results.

(a) (b)

Figure 19: (a) Kurtosis excess for three different simulations with modified parameters. The blue
curve corresponds to a NLQW on a lattice x ∈ [−750, 750] stopped at t = 750. The brown curve
corresponds to a lattice x ∈ [−300, 300], where at t = 200 the noise level is increased from 20%
to 50%. The purple curve corresponds to a lattice x ∈ [−400, 400] stopped at t = 1000. (b) 3σ
kurtosis analysis around the center of the noisy soliton. The overall trend is similar to that of the
full system, see Fig. 18. For this analysis, the longer-time simulations from (a) were included.

Figure 20: Evolution of the excess kurtosis for the noisy EQWs and BOs presented throughout
the thesis.
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(a) (b)

Figure 21: (a) Instantaneous power of the standard deviation, α(t) = d log σ
d log t , for the central region

of a noiseless soliton. (b) Kurtosis excess for the central region of the same noiseless soliton.
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